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Abstract

Page 343 of Ramanujan’s Lost Notebook claims that ambnθ is close to an integer, with an
explicit error term, where θ = 21/5, a = 1/(θ − 1) and b =

√
5/(1 + θ2)5/2; a second claim

of the same kind concerns 21/7. Andrews and Berndt (Lost Notebook, Part IV, Section 7.4)
were unable to give these claims a meaning and wrote that they are wrong. We show that
a = 1+ θ+ θ2+ θ3+ θ4 and b = 1− θ− θ2+ θ4 are units of Z[θ], that each factor of Ramanujan’s
error term is the modulus of a Galois conjugate of ambn, and that the integer is Tr(ambnθ). This
gives a proof of the first claim with the explicit bound 2θ(|σ1(a

mbn)|+ |σ2(a
mbn)|); the constant

2θ is sharp, and the bound tends to 0 exactly along sequences with m − 6.0114n → ∞. We
explain the change between the two cases: 1/(21/p − 1) is a Pisot number if and only if p ≤ 6.
For 21/7 the printed error term does not match the conjugates in three places; after correcting
them the claim holds on an explicit cone of exponents. All statements are accompanied by a
verification script.
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1 Introduction
The last section of Chapter 7 of [2] reproduces page 343 of [1]. With θ = 21/5,

a =
1

21/5 − 1
, b =

√
5

(1 + 41/5)5/2
, ambnθ = pm,n + ϵm,n, −1

2 < ϵm,n < 1
2 , pm,n ∈ Z, (1)

Ramanujan states

ϵm,n = O

(
5n/2(

41/5 − 2 · 21/5 cos 2πs
5 + 1

)m/2(
161/5 + 2 · 41/5 cos 4πs

5 + 1
)5n/4

)
, (2)

“where s is the most unfavorable of the integers 1, 2, 3, 4” (this is (7.4.1) of [2]). A second claim,
(7.4.2), concerns θ = 21/7 and three numbers a, b, c (Section 4). Andrews and Berndt tabulate ϵm,n

for m,n ≤ 10 and conclude: “We have been unable to provide meaning to the third manuscript,
which is on page 343. Its claims are wrong, and so it remains a challenge to determine whether
something meaningful can be ascertained” [2, p. 164]. They also ask why Ramanujan lists four
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values of s and what role θ plays, and they observe that a meaningful statement would need m and
n to tend to infinity along special sequences [2, p. 180].
Contribution. The phenomenon is that of Pisot numbers [4, 5, 6, 7]: if α is a real algebraic
integer whose other conjugates lie inside the unit circle, then αm is close to the integer Trαm. We
do not claim a new method. What is new is the identification of Ramanujan’s data: a, b are units
(Section 2), his error factors are exactly the conjugate moduli (Lemma 2), and the four values of
s are the four non-real embeddings. This answers the questions above and gives Theorem 3, a
sharpness statement (Proposition 5), an explanation of the two cases 5 and 7 (Lemma 6), and a
corrected form of (7.4.2) (Theorem 7).
Prior literature. The first manuscript of Chapter 7 (pages 262–265) was treated by Berndt and
Kim [3]. We found no treatment of page 343 in zbMATH Open (eight queries and all 53 documents
citing [2]), OpenAlex or Google Scholar (September 2026).

2 The quintic case
Let K = Q(θ), θ = 21/5, ζ = e2πi/5, and let σs (0 ≤ s ≤ 4) be the embedding with σs(θ) = θζs.
Then σ0 is real, σ4 = σ1 and σ3 = σ2.

Lemma 1. In Z[θ] we have a = 1 + θ + θ2 + θ3 + θ4 and b = 1− θ − θ2 + θ4, and

a(θ − 1) = 1, b2(1 + θ2)5 = 5, NK/Q(a) = NK/Q(b) = 1, NK/Q(1 + θ2) = 5.

The minimal polynomials are x5−5x4−10x3−10x2−5x−1 for a and x5−5x4+20x3−10x2+5x−1
for b.

Proof. (θ − 1)(1 + θ + · · ·+ θ4) = θ5 − 1 = 1. Reducing (1− θ − θ2 + θ4)2(1 + θ2)5 modulo θ5 − 2
gives 5. Since b > 0 and b2 = 5/(1+ θ2)5, b is Ramanujan’s number. The norms are resultants with
x5 − 2.

Thus 5 is totally ramified, 5 = (1 + θ2)5b2, and b is the unit attached to this factorization. The
regulator of {a, b} is 4.83493544801521, equal to the regulator of K listed in the LMFDB (field
5.1.50000.1, class number 1) [8]; hence {a, b} is a system of fundamental units.

Lemma 2. For 1 ≤ s ≤ 4,

|σs(a)|−2 = 41/5 − 2 · 21/5 cos 2πs
5 + 1, |σs(b)|2 =

5(
161/5 + 2 · 41/5 cos 4πs

5 + 1
)5/2 .

Hence the expression inside O(·) in (2) equals |σs(ambn)|.

Proof. |σs(a)|−2 = |θζs − 1|2 = θ2 − 2θ cos(2πs/5) + 1, and by Lemma 1 |σs(b)|2 = 5/|1 + θ2ζ2s|5
with |1 + θ2ζ2s|2 = θ4 + 2θ2 cos(4πs/5) + 1.

Numerically |σ1(a)| = 0.7882149, |σ2(a)| = 0.4892248, |σ1(b)| = 4.1813005, |σ2(b)| = 0.4578160.
In particular a is a Pisot unit. Put As(m,n) = |σs(a)|m|σs(b)|n.

Theorem 3. For all integers m,n ≥ 0 let pm,n = TrK/Q(a
mbnθ). Then pm,n ∈ 5Z, and ϵm,n =

ambnθ − pm,n satisfies

ϵm,n = −
4∑

s=1

σs(a
mbnθ), |ϵm,n| ≤ 2θ

(
A1(m,n) +A2(m,n)

)
≤ 4θ max

1≤s≤4
As(m,n).
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Consequently (2) holds for all m,n (with pm,n the trace), with implied constant 4θ and with s the
index maximizing Ramanujan’s error factor. Along a sequence with m + n → ∞ the bound tends
to 0 if and only if m − κn → ∞, where κ = log |σ1(b)|/(− log |σ1(a)|) = 6.0114084; along such a
sequence pm,n is eventually the integer nearest to ambnθ, as in (1).

Proof. ambnθ ∈ Z[θ], and Tr(θk) = 0 for 1 ≤ k ≤ 4, Tr(1) = 5; so pm,n is five times the constant
coordinate. The trace is the sum of the five embeddings, which gives the formula for ϵm,n; the
conjugate pairs contribute 2Reσs(a

mbnθ) with |σs(θ)| = θ. Since |σ2(a)|, |σ2(b)| < 1, A2 → 0 as
m+ n → ∞, while logA1 = m log |σ1(a)|+ n log |σ1(b)|.

For n = 0 the bound is below 1
2 for m ≥ 7; direct computation shows that pm,0 is the nearest

integer also for m = 4, 6, but not for m ∈ {0, 1, 2, 3, 5} (for instance p2,0 = 50 while a2θ = 51.951).
The table in [2, p. 181] stops at m = 10, where the bound 2θ(A1 + A2) is still 0.2145; this is why
the remainders there looked random. The sequences along which the claim is meaningful, asked for
in [2, p. 180], are exactly those with m− κn → ∞.
Remark 4. The factor θ plays no special role: for any γ ∈ Z[θ] the same proof gives |ambnγ −
Tr(ambnγ)| ≤ 2

∑
s=1,2 |σs(γ)|As(m,n). For γ = θ all conjugates have the same modulus θ, which is

why Ramanujan’s error term contains no factor depending on γ. This answers the question about
the role of θ in [2, p. 180].

Proposition 5. lim supm→∞ |ϵm,0|/|σ1(a)|m = 2θ. Thus the constant 2θ in Theorem 3 cannot be
reduced.

Proof. We have ϵm,0 = −2Reσ1(a
mθ) − 2Reσ2(a

mθ), and the second term is O(|σ2(a)|m) =
o(|σ1(a)|m). Let φ = arg σ1(a). If φ/π were rational, then σ1(a)

N = σ4(a)
N for some N ≥ 1.

The Galois group of x5− 2 (of order 20) acts transitively on the conjugates, so some automorphism
τ maps σ1(a) to a; then aN = τ(σ4(a))

N , which is impossible because a > 1 and the right side has
modulus < 1. Hence {mφ/2π} is dense in [0, 1) and cos(mφ + arg(θζ)) comes arbitrarily close to
±1.

3 Why five and seven
Lemma 6. For p ≥ 2 the unit ap = 1/(21/p−1) is a Pisot number if and only if 21/p > 2 cos(2π/p),
that is, if and only if p ≤ 6.

Proof. xp − 2 is irreducible (Eisenstein), and the conjugates of ap other than ap are 1/(θζsp − 1),
1 ≤ s ≤ p − 1. Now |θζsp − 1|2 = θ2 − 2θ cos(2πs/p) + 1 is smallest for s = 1, and it exceeds 1

exactly when θ > 2 cos(2π/p). For p ≤ 6 we have 2 cos(2π/p) ≤ 1 < 21/p; for p ≥ 7, 2 cos(2π/p) ≥
2 cos(2π/7) = 1.2470 > 21/7 ≥ 21/p.

The largest other conjugate of ap has modulus 0.9376 for p = 6 and 1.0896 for p = 7 (Figure 1).
So p = 5 is the last odd exponent for which a alone is Pisot, and p = 7 is the first for which it is
not; this is why (7.4.2) needs further units. In both cases Ramanujan’s second unit comes from the
totally ramified prime above p: b2 = 5/(1 + θ2)5 for p = 5 and b = 7/(θ3 − 1)7 for p = 7 (for p = 3
the analogous unit 3/(1 + θ)3 = θ − 1 = 1/a gives nothing new).
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Figure 1: Left: the largest modulus of the other conjugates of 1/(21/p − 1). Right: the non-real
conjugates for p = 5 and p = 7 and the unit circle.

4 The septic case
Let now θ = 21/7, σs(θ) = θe2πis/7, and, as on page 343,

a =
1

θ − 1
, b =

7

(θ3 − 1)7
, c =

θ + 1

θ2 − θ + 1
, aℓbmcnθ = pℓ,m,n + ϵℓ,m,n.

All three are units (their minimal polynomials are monic with constant term −1); N(θ3 − 1) = 7
and c = (θ + 1)2/(θ3 + 1). The error term printed as (7.4.2) in [2] is

O

(
7m
(

7
√
4 + 2 7

√
2 cos 2πs

5 + 1
)2n(

7
√
64− 2 7

√
8 cos 2πs

7 + 1
)ℓ/2( 7

√
64− 2 7

√
8 cos 6πs

7 + 1
)7m/2( 7

√
64 + 2 7

√
8 cos 6πs

7 + 1
)n/2

)
.

Computing |σs(a)|, |σs(b)|, |σs(c)| as in Lemma 2 shows that the b-factor and the denominator of
the c-factor agree with this expression, while three details do not: in the numerator cos 2πs

5 should
be cos 2πs

7 and the exponent 2n should be n, and in the a-factor 7
√
64, 7

√
8 should be 7

√
4, 7

√
2. With

these changes the expression equals |σs(aℓbmcn)|. We could not check whether the differences are
in the manuscript or in its transcription. As printed, the claim fails: along (ℓ, 0, 0) the printed term
tends to 0 (0.0235 at ℓ = 60, 3.7 · 10−6 at ℓ = 200), while |ϵℓ,0,0| equals 0.308 and 0.155 there and
cannot tend to 0: by Pisot’s theorem [6], if ∥λαℓ∥ → 0 for an algebraic α > 1 and real λ ̸= 0, then
α is a Pisot number, and a is not one (Lemma 6).

Theorem 7. Let pℓ,m,n = Tr(aℓbmcnθ) and Lx(s) = log |σs(x)|. Then

|ϵℓ,m,n| ≤ 2θ

3∑
s=1

|σs(aℓbmcn)|,

so the corrected form of (7.4.2) holds for all exponents. The bound tends to 0 along k(ℓ,m, n),
k → ∞, for every point of the cone

C = {(ℓ,m, n) ∈ Z3
≥0 \ {0} : ℓLa(s) +mLb(s) + nLc(s) < 0 for s = 1, 2, 3}.
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Here (La(s))s = (0.085847,−0.49854,−0.71855), (Lb(s))s = (−3.849, 1.5084,−2.348), (Lc(s))s =
(1.7554,−0.20414,−1.8688). Every point of C has m ≥ 1; the smallest ones are a4b and a3bc.

The proof is that of Theorem 3. Since La(1) > 0 and Lc(1) > 0, the unit b is necessary,
which explains why Ramanujan introduced it. For example (a4b)40θ is within 2.87 · 10−9 of an
integer. The units a, b, c generate a subgroup of index 2 in the unit group: bc = u2 with u =
21 + 19θ + 18θ2 + 16θ3 + 14θ4 + 13θ5 + 12θ6 (one checks 7(θ + 1)2 = u2(θ3 − 1)7(θ3 + 1)), and
the regulator of {a, b, c} is 53.5680463980 = 2× 26.784023199, twice the regulator of LMFDB field
7.1.52706752.1 [8].

5 Numerical evidence and related sequences
Table 1 compares |ϵm,n| with Ramanujan’s error term maxsAs(m,n), computed with 300 digits.
The ratio stays bounded, as Theorem 3 requires. Outside the cone the ratio is small but the claim
is empty, since the error term exceeds 1.

m n |ϵm,n| maxsAs(m,n) ratio
40 0 5.66967 · 10−5 7.3415 · 10−5 0.772
80 0 1.04182 · 10−8 5.38976 · 10−9 1.933

120 0 9.05696 · 10−13 3.9569 · 10−13 2.289
200 0 8.3284 · 10−22 2.13267 · 10−21 0.391
80 2 1.82757 · 10−7 9.42307 · 10−8 1.939

200 5 5.58126 · 10−18 2.72572 · 10−18 2.048
60 10 0.354564 1.02752 0.345

Table 1: Remainders and Ramanujan’s error term; (60, 10) lies outside the cone m > 6.0114n.

The traces also give integer sequences. The numbers Tr(am)/5 = 1, 1, 9, 61, 409, 2751, . . . satisfy
xm = 5xm−1 +10xm−2 +10xm−3 +5xm−4 + xm−5 and have generating function (2− (1+ x)4)/(2−
(1 + x)5); we found no such entry in the OEIS. The numbers pm+1,0/10 are the terms of A374455
[9], the expansion of 1/(2 − (1 + x)5): both satisfy the same recurrence and agree on the first five
terms.

Data availability. A script verify_343.py (15 checks, requiring only SymPy and mpmath),
an offline calculator for pm,n and ϵm,n, and the code for Figure 1 are available at https://gi
thub.com/selloriybrendi/ramanujan-page-343; the calculator runs at https://selloriy
brendi.github.io/ramanujan-page-343/. The note and these files are archived at Zenodo,
doi:10.5281/zenodo.23003128 (all versions).

Use of generative AI
Claude Opus 5.5 (Anthropic, model identifier claude-opus-5-5), accessed through Claude Code
in September 2026, was used to locate the open question in [2], to propose the identification of
Ramanujan’s numbers as units, to carry out the symbolic and high-precision computations reported
here (with SymPy and mpmath) under the author’s direction, and to help prepare the text. It was
used to verify every stated number independently at high precision. The author directed the work,
checked all results and takes full responsibility for the content.
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